Abstract. We study a one-dimensional system composed of three charged bosons confined in an external harmonic potential. More precisely, we investigate the ground-state correlation properties of the system, paying particular attention to the strong-interaction limit. We explain for the first time the nature of the degeneracies appearing in this limit in the spectrum of the reduced density matrix. An explicit representation of the asymptotic natural orbitals and their occupancies is given in terms of some integral equations.
Introduction
In recent years there has been a growing interest in systems of interacting particles trapped in potential wells because of their possible use in quantum information technology [1] . Especially, systems composed of particles held together in harmonic potentials have drawn considerable theoretical attention [2, 3, 4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] [ 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28] . Besides fermionic systems, which serve well as models of quantum dots, many attempts have been made to explore the properties of the bosonic ones with a contact potential [15, 16, 17, 18, 19, 20, 21] . Such systems in the one-dimensional (1D) limit have attracted much attention and their properties appear to be well understood [17, 18, 19, 20, 21] . Also, there has been considerable interest in the properties of artificial atoms composed of bosons interacting via a Coulomb potential [22, 23, 24, 25, 28, 26, 27] , which in turn serve well as models of electromagnetically trapped ions [29] . However, there has been so far relatively little theoretical research on such systems in the strictly 1D limit.
In the present paper we consider an ideal 1D system composed of three identical bosons described by the Hamiltonian
with V = 1 2
or equivalently
where x ij = x i − x j are the interparticle distances and X = 1 3 (x 1 + x 2 + x 3 ) is the centre-of-mass. In (1), the spatial variable x is given in oscillatory units /mω, and g is the ratio of the Coulomb and the confinement energies: g = Experimentally, a 1D configuration of trapped ions can be realized in a 3D harmonic trap with a transverse trapping frequency ω ⊥ much larger than the axial one ω, ǫ = ω ⊥ /ω ≫ 1. Although the 1D Hamiltonian (1) is strictly valid only in the limit ǫ → ∞, it works well even at moderate values of ǫ if the confinement in the x direction is very weak (g → ∞). For more details on this point we refer the reader to [14] .
The main goal of this paper is to make a detailed investigation of the ground-state correlation properties of the system (1) in the strong-interaction limit (g → ∞). To this end, we use an approximation based on the second-order Taylor series expansion of (3) around the classical equilibrium distances of the particles [28] . Within the framework of this approximation, an asymptotically exact expression for the ground-state bosonic wavefunction at the g → ∞ limit can be obtained. We derive an explicit expression for the asymptotic reduced density matrix (RDM) and investigate for the first time the nature of the degeneracies appearing in its spectrum. We provide an explicit representation of the asymptotic natural orbitals and their occupancies, given by integral equations independent of g. In particular, we show that only the three natural orbitals contribute significantly to the asymptotic bosonic groundstate. Moreover, to gain insight into the general features of the Schmidt expansion of the RDM, we determine numerically the values of the three lowest occupancies over a wide range of values of g. This paper is organized as follows. Section 2 derives closed-form analytical approximate solutions for the bosonic ground-state of the system (1). Section 3 tests their validity and provides, in particular, detailed results for the dependencies of the degree of correlation on g. Section 4 derives g-independent integral equations defining the asymptotic natural orbitals and their occupancies. Here, two different forms of the Schmidt expansion of the asymptotic RDM will be discussed. Finally, some concluding remarks are placed in Section 5.
Harmonic approximation
The potential (2) attains its minimum at six points, namely (x 
Noticing that
) and retaining the terms up to second order, one gets the approximation
wherein
Thus the Hamiltonian (1) is approximated by
It is convenient to introduce new coordinates in (8),
so that the corresponding Schrödinger equation takes the form
Eq. (10) would suggest an ansatz of the form
After substituting (11) into (10), and performing some straightforward algebra, we find parameter values α, β, γ at which the function (11) satisfies Eq. (10), that is
and
Changing the variables back in (11) in accordance with (9), we can construct then the approximate spatial symmetric wavefunction:
where {i, j, k} are again the integers {1, 2, 3} permuted into a different order. The normalization constant in (13) can be calculated analytically. However, since it is a quite lengthy formula, we report here only its value as g → ∞
Before going further it should be stressed that the approximation (6) coincides with that obtained from the second-order Taylor series expansion of (2) around the classical equilibrium positions of the particles (−x c , 0, x c ). The approximation strategy considered here yields thus the results consistent with those of the standard normalmode theory [26] .
Numerical tests
The system of Bose particles described by the Hamiltonian (1) gets fermionized for any g = 0 [21, 27] and its groundstate wavefunction ψ B can be related to the lowest energy antisymmetric wavefunction ψ F by
Therefore, in the limit g → 0, ψ B tends to the modulus of the Slater determinant
where {ϕ n } are the single-particle orbitals of the ideal system (g = 0). In contrast, in the non-interacting case, ψ B is nothing else but the product function ψ
. The above in turn implies that the quantities associated with ψ B exhibit generally a discontinuity at the point g = 0. In particular, when it comes to the energy, it tends to 4.5 as g → 0, while at g = 0, it has the value 1.5. In order to test the applicability of the approximations (12) and (13) Fig. 1 , from which it can be seen that the approximate energy tends from below to the exact one with increasing g. Surprisingly, Eq. 
where ρ is the RDM expressed in coordinates
The degree of correlation K counts approximately the number of orbitals actively involved in the Schmidt decomposition of the RDM and is one of the transparent measures of correlation. It is worth stressing at this point that the linear correlation entropy L, which is also a popular measure of correlation [6, 7, 8, 11, 32] , is related to K via L = 1 − 1/K. The results for the degree of correlation calculated from the numerically exact bosonic wavefunctions and the approximate ones ψ ap B (13) are plotted in Fig. 2 up to g = 200. As one can see, accept- 
Asymptotic expansion of the RDM
Now we come to the main goal of this paper, which is to provide the Schmidt decomposition of the RDM in the strong-correlation limit. To begin with our analysis, we take into consideration the RDM for the approximate wavefunction ψ ap B (13),
which becomes exact as g → ∞ (x c → ∞). An easy inspection of Eq. (19) reveals that in this limit, it reduces to the form
with (22) and
where A = 2C 2 ∞ . We have obtained exact closed-form solutions for the above integrals. However, since they are quite lengthy, we report here only their numerical expressions (25) which does not limit the generality of our further consideration. It it worthwhile to note here that the same asymptotic behaviour for the RDM will be obtained for the case of fermions. Using Eq. (20), we can obtain a closed-form asymptotic expression for the one-particle density:
g→∞ (x, x) ≈ 3(0.2407e 2 ). (26) An inspection of the computed n g→∞ shows that it exhibits exactly the Gaussian peaks centred at the classical equilibrium positions of the particles. It is worth emphasizing that the peaks at x = ±x c have the same profile.
Being real and symmetric, the function ρ 1 (24) has the Schmidt decomposition
where {u l } and {λ (1) l } are determined by
u l |u k = δ lk . One can note that the introduction of new coordinates in the functions ρ 2 (25) and ρ 3 (25) by
respectively, transforms them into g-independent forms which are identical to each other, ρ 2 (x, y), ρ 3 (x, y) →ρ(x,ỹ),
The above function is also real and symmetric, thus its Schmidt decomposition is
where {v l } and {λ (2) l } are determined by
v l |v k = δ lk . By changing the variables back in (32) in accordance with (29) , one gets the expansion of ρ 2 in the form
On the other hand, the change of variables back in (32) in accordance with (30) , yields the expansion of ρ 3 as
Obviously, the one-particle orbitals v l (x±x c ) satisfy v l (x± x c )|v k (x ± x c ) = δ lk . Finally, substitution of Eqs. (27) , (34), and (35) into (20) gives, as g → ∞ (x c → ∞),
In this limit, the family {u l (x), v l (x − x c ), v l (x + x c )} forms a complete and orthonormal set, since the integral
u l (x)|v k (x + x c ) vanish for any l, k. We can therefore recognize Eq. (36) as the Schmidt decomposition of the asymptotic RDM ρ g→∞ . Because the asymptotic natural orbitals v l (x + x c ) and v l (x − x c ) correspond to the same occupancy λ (2) l , i.e., double degeneracies in the spectrum of the RDM ρ g→∞ occur, the Schmidt decomposition (36) fails to be unique [31] . Before going further we stress that the conservation of probability for the asymptotic occupancies gives l=0 [λ (1) l + 2λ (2) l ] = 1. For the sake of completeness, we give below another form of the Schmidt expansion of ρ g→∞ , different from that of Eq. (36). To begin with, we extend the results of [31] to the case of more than one point of double degeneracy. From the orbitals v l (z + x c ) and v l (z − x c ), which correspond to λ (2) l , we define the new orbitals to be
that fulfill η l |τ l = 0. In terms of them, Eq. (36) can be rewritten as
39) Since in the limit as g → ∞ (x c → ∞) we have η l |η k = δ lk , τ l |τ k = δ lk and the integral overlaps u l |η k , u l |τ k , η l |τ k vanish for any l, k, Eq. (39) yields nothing other than a Schmidt form different from Eq. (36).
The integral equations (28) and (33) can easily be solved through a discretization technique (see for example [11] ). The two lowest asymptotic occupancies are found numerically to be λ 
, is only about 0.03, it follows that in (36) and in (39) only the terms with l = 0 are important and, in consequence, ρ g→∞ approaches the form
We close our discussion with Fig. 4 , which shows the numerically determined behaviour of λ l , for l = 0 − 2 as a function of ln g. It is seen how the occupancies converge to their asymptotic values determined by the integral equations (28) and (33), which confirms their validity. In particular, we observe how λ 0 and λ 1 converge to an asymptotic doublet.
Summary
In conclusion, we investigated the ground-state correlation properties of the system composed of three charged bosons in a 1D harmonic trap. Using the harmonic approximation we explained the nature of the degeneracies appearing as g → ∞ in the spectrum of the RDM. An explicit representation of the asymptotic natural orbitals and their occupancies has been derived in terms of some g-independent integral equations. Among other results, we found that in the g → ∞ limit the occupancies λ ≈ 0.3193 are the only three that have considerable values. In other words, it turned out that only the three natural orbitals contribute significantly to the asymptotic bosonic ground-state. We also determined numerically the three lowest occupancies as functions of g and showed how they tend to their asymptotic values. In particular, we obtained a closed-form asymptotic expression for the one-particle density given as a linear combination of Gaussian functions centred at the classical equilibrium positions of the particles.
It would be interesting to fully investigate the effect of the number of particles on the correlation properties in 1D systems of strongly interacting bosons and/or spin fermions with a Coulomb interaction. To the best of our knowledge, there is still a lack of studies along this line. We hope our results will stimulate others to undertake the investigation of this issue. This will be also a subject of our further research.
